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The contributions of confining as well as nonconfining nonperturbative self-
interactions of stochastic background fields to the shear and bulk viscosities of the
gluon plasma in SU(3) Yang–Mills theory are calculated. The nonconfining self-
interactions change (specifically, diminish) the values of the shear and bulk viscosi-
ties by 15%, that is close to the 17% which the strength of the nonconfining self-
interactions amounts of the full strength of nonperturbative self-interactions. The
ratios to the entropy density of the obtained nonperturbative contributions to the
shear and bulk viscosities are compared with the results of perturbation theory and
the predictions of N = 4 SYM.
I. INTRODUCTION
Ultrarelativistic nucleus-nucleus collisions performed at RHIC indicate that, in the vicin-
ity of the deconfinement critical temperature, the quark-gluon plasma can behave more like
liquid than a dilute gas of quarks and gluons. One indication of this kind is the experi-
mentally found common velocity of different species of particles, which are emitted from the
expanding fireball of the quark-gluon plasma. The corresponding experimental results [1, 2]
can be successfully described by the relativistic hydrodynamics of an almost non-viscous
liquid [3]. The energy-momentum tensor of an ideal (i.e. absolutely non-viscous) liquid has
the form [4] Θµν = −pgµν + Tsuµuν, where s = s(T ) is the entropy density, and uµ is the
velocity of energy transport. The principal deviation from the ideality is described by a
correcting term ∆Θµν , which depends on the derivatives of the velocity linearly:
∆Θµν = ηT · (∆µuν +∆νuµ) +
(
2
3
ηT − ζT
)
Hµν∂ρuρ,
where Hµν = uµuν − gµν , ∆µ = ∂µ − uµuν∂ν . The temperature-dependent coefficients, ηT
and ζT , are called respectively the shear and the bulk viscosities. Together, they are called
2first-order transport coefficients of the liquid.
In hydrodynamics [4], the shear viscosity characterizes a change in shape of a fixed vol-
ume of the liquid, whereas the bulk viscosity characterizes a change in volume of the liquid
of a fixed shape. In particular, the bulk viscosity enters the Navier–Stokes’ equation through
the term
(
ζT +
1
3
ηT
)
grad divv, being therefore relevant only when div v 6= 0, i.e. for com-
pressible liquids. The shear viscosity enters the Navier–Stokes’ equation foremost through
the term ηT ∆v, representing the ability of particles to transport momentum. Experimental
data for water, helium, and nitrogen, analyzed recently in Ref. [5], show the minimum of the
shear-viscosity to the entropy-density ratio (ηT/s) and the maximum of the bulk-viscosity
to the entropy-density ratio (ζT/s) in the vicinity of the liquid-gas phase-transition critical
temperature. Given different types of liquid-gas phase transitions and different types of
molecules for these three substances, one can guess that the temperature-behaviors of ηT/s
and ζT/s are universal, and thus can be qualitatively the same also for the quark-gluon
plasma.
Furthermore, it is worth noticing that the (ηT/s)-ratio has been calculated in N = 4
SYM theory [6], where it equals to the temperature-independent constant 1/(4pi). [Note
that, since N = 4 SYM theory is a conformal field theory, its deconfinement phase can start
only right at T = 0, for which reason one should not expect any temperature-dependence
of the (ηT/s)-ratio.] This constant is at least by one order of magnitude smaller than the
minima of the above-mentioned empirical results for water, helium, and nitrogen, as well as
the values of the (ηT/s)-ratio in perturbative QCD. Such a smallness of this ratio in N = 4
SYM has led to the widely known conjecture that the finite-temperature version of N = 4
SYM provides (a theoretic example of) the most perfect quantum liquid. For example, at the
temperature of 200 MeV, the length of a mean free path of a parton traversing such a liquid
is as small as .0.1 fm. However, since N = 4 SYM is a conformal field theory, the bulk
viscosity ζT in this theory is strictly zero. That makes N = 4 SYM different from the real
QCD, where the effects of non-conformality are essential (e.g. in the so-called interaction
measure ε − 3p) up to the temperatures as high as 2 ÷ 3 times the deconfinement critical
temperature Tc.
In a quantum field theory, the contributions of various fields to the viscosities can be
calculated by means of the Kubo formulae. A Kubo formula is an integral equation,
which expresses the spectral density ρT (ω) of a given viscosity via the corresponding finite-
3temperature two-point Euclidean correlation function of the energy-momentum tensor [7],
specifically
〈
Θ12(x)Θ12(y)
〉
T
for the shear viscosity and
〈
Θµµ(x)Θνν(y)
〉
T
for the bulk vis-
cosity. In particular, the fact that it is the trace anomaly Θµµ(x), which is correlated in case
of the bulk viscosity, explains in terms of the Kubo formula why the bulk viscosity vanishes
in any conformal field theory. Below, we study a more realistic case of SU(3) Yang–Mills
theory. There, the energy-momentum tensor can receive contributions from the stochastic
background fields and the so-called valence gluons. The low-energy nonperturbative stochas-
tic background fields are characterized by the temperature-dependent chromomagnetic gluon
condensate
〈
g2(F aij)
2
〉
T
and the correlation length of the chromomagnetic vacuum, 1/µT , that
is the distance at which the two-point correlation function of the chromomagnetic fields ex-
ponentially falls off [8, 9]. The valence gluons are higher in energy than the background
fields, and are confined by these fields at large spatial separations [10]. This property of the
valence gluons makes them different from the ordinary gluons of perturbation theory. Such a
two-component model of the gluon plasma was recently proven efficient (cf. Refs. [11], [12])
for the description of the pressure and the interaction measure, which had been simulated
on the lattice in Ref. [13], as well as for the calculation of the radiative energy loss of a
highly energetic parton traversing the plasma [14].
It therefore looks natural to apply the same two-component model of the gluon plasma to
a derivation of the shear and bulk viscosities by means of the Kubo formulae. The first step
in this direction was made in Ref. [15], where a contribution of confining self-interactions
of the stochastic background fields to the shear viscosity was found. Besides those, lattice
simulations [9, 16, 17] point to the existence of also nonconfining nonperturbative self-
interactions of the background fields, whose strength amounts to 17% of the full strength
of nonperturbative self-interactions. In this paper, we calculate the contribution to the
shear viscosity produced by nonconfining nonperturbative self-interactions of the background
fields, and show that it diminishes the contribution of confining self-interactions by 15% (that
is rather close to the above-mentioned 17%). We furthermore calculate for the first time the
contributions of both confining and nonconfining nonperturbative self-interactions to the
bulk viscosity of the gluon plasma.
Note that the Kubo formulae lead to the following temperature dependence of the con-
4tributions of the background fields to the viscosities [15]:
ηT ∝ ζT ∝
〈
g2(F aij)
2
〉2
T
µ5T
.
At temperatures above that of the dimensional reduction, T > T∗ (where T∗ lies somewhere
between Tc and 2Tc [13]), one has ηT ∝ ζT ∝ (g2TT )3, whereas the temperature dependence
of the entropy density at T & 2Tc is s ∝ T 3. Therefore, at such rather high temperatures,
one expects that the ratios to the entropy density of the contributions of the background
fields to the two viscosities exhibit the same temperature behavior:
ηT
s
∝ ζT
s
∝ g6T at T & 2Tc.
In this paper, we prove that this is indeed the case, and explicitly calculate numerical
coefficients in the formulae above. The contributions of valence gluons to the shear and bulk
viscosities will be addressed in the future publications.
The paper is organized as follows. In the next section, we first review our approach, and
then use it to calculate the contribution of confining self-interactions of the background fields
to the bulk viscosity of the gluon plasma, ζT . In section III, we find contributions to both
ηT and ζT produced by nonconfining nonperturbative self-interactions of the background
fields. In section IV, we perform a numerical evaluation of the obtained contributions to the
viscosities, and compare their ratios to the entropy density with those known from other
approaches. In section V, we summarize the results of the paper.
II. CONTRIBUTIONS OF CONFINING SELF-INTERACTIONS OF THE
BACKGROUND FIELDS
We start with recollecting the approach to the calculation of the shear viscosity ηT ,
suggested in Ref. [15], and generalizing it to the calculation of the bulk viscosity ζT . The
two viscosities can be defined through their spectral densities, ρ
(s)
T (ω) and ρ
(b)
T (ω), as [7]
ηT = pi
dρ
(s)
T
dω
∣∣∣∣∣
ω=0
and ζT =
pi
9
dρ
(b)
T
dω
∣∣∣∣∣
ω=0
. (1)
Here, the superscripts (s) and (b) stand respectively for “shear” and “bulk”. Both spectral
densities can be obtained from the integral equation, called Kubo formula:∫ ∞
0
dω ρ
(s),(b)
T (ω)
cosh
[
ω
(
x4 − β2
)]
sinh(ωβ/2)
=
∫
d3x
+∞∑
n=−∞
U
(s),(b)
T (x, x4 − βn). (2)
5In this equation, U
(s)
T and U
(b)
T are the following correlation functions of the Yang–Mills
energy-momentum tensor Θµν :
U
(s)
T (x, x4 − βn) =
〈
Θ12(0)Θ12(x, x4 − βn)
〉
T
, where Θ12 = g
2F a1µF
a
2µ;
U
(b)
T (x, x4 − βn) =
〈
Θµµ(0)Θνν(x, x4 − βn)
〉
T
, where Θµµ =
β(g)
2g
(F aµν)
2. (3)
In Ref. [15], Eq. (2) for ρ
(s)
T (ω) was solved by means of the Fourier transform. Owing to the
uniformity of Eq. (2), this approach equally applies to ρ
(b)
T (ω). Its main idea is to use for the
nonperturbative parts of the zero-temperature correlation functions U
(s),(b)
T=0 (x) the following
ansatz, exponentially falling off with distance:
U
(s),(b)
T=0 (x) = N
(s),(b)
α
〈
G2
〉2 · K2−α(M |x|)
(M |x|)2−α . (4)
Here
〈
G2
〉 ≡ 〈g2(F aµν)2〉 is the gluon condensate, K2−α is the MacDonald function, and
α ∈ (0,∞) is some parameter. Assuming parametrization (4), one gets at T > Tc the
following Fourier transform of Eq. (2):∫ ∞
0
dω ρ
(s),(b)
T (ω)
ω
ω2 + ω2k
= pi22αΓ(α)N (s),(b)α
〈
G2
〉2
T
M2α−4T
(ω2k +M
2
T )
α
, (5)
where Γ(α) is the Gamma-function. Note that, while the gluon condensate and the corre-
lation length 1/M become temperature-dependent, the overall coefficients N
(s),(b)
α are deter-
mined entirely by the corresponding zero-temperature correlation functions U
(s),(b)
T=0 (x). Next,
one solves Eq. (5) by imposing for ρ
(s),(b)
T (ω) a Lorentzian-type ansatz [7, 18]
ρ
(s),(b)
T (ω) = C
(s),(b)
T ·
ω
(ω2 +M2T )
α+ 1
2
. (6)
For any α ∈ (0,∞), it provides convergence of the ω-integration in Eq. (5), and guarantees
that both sides of Eq. (5) have the same large-|k| behavior. Furthermore, it turns out that
only for a single value of α, namely α = 1/2, the spectral densities, once sought in the form
of Eq. (6), appear k-independent [15]. [As can be seen from Eq. (6), at α = 1/2, the spectral
densities take the purely Lorentzian form considered in Refs. [7, 18].] The corresponding
temperature-dependent functions C
(s),(b)
T can then be found, and read
C
(s),(b)
T = (2pi)
3/2N
(s),(b)
1/2 ·
〈
G2
〉2
T
M3T
. (7)
6Thus, to find the viscosities, it remains to determine the coefficients N
(s),(b)
1/2 . To this
end, one evaluates the correlation functions U
(s)
T=0(x) =
〈
Θ12(0)Θ12(x)
〉
and U
(b)
T=0(x) =〈
Θµµ(0)Θνν(x)
〉
via the so-called Gaussian-dominance hypothesis. This hypothesis, sup-
ported by the lattice simulations [9, 16, 17], states that the connected four-point cor-
relation function of gluonic field strengths can be neglected compared to pairwise prod-
ucts of the two-point correlation functions. For the correlation function U
(s)
T=0(x) =〈
g4F a1µ(0)F
a
2µ(0)F
b
1ν(x)F
b
2ν(x)
〉
, this approximation yields
U
(s)
T=0(x) ≃
〈
g2F a1µ(0)F
a
2µ(0)
〉 〈
g2F b1ν(x)F
b
2ν(x)
〉
+
〈
g2F a1µ(0)F
b
1ν(x)
〉 〈
g2F a2µ(0)F
b
2ν(x)
〉
+
+
〈
g2F a1µ(0)F
b
2ν(x)
〉 〈
g2F a2µ(0)F
b
1ν(x)
〉
. (8)
The sought nonperturbative contributions to the viscosities, produced by the background
fields, can now be parametrized by means of the stochastic vacuum model [8]. In this
section, we consider only the contribution produced by confining self-interactions of the
background fields, while the contribution of nonconfining nonperturbative self-interactions
will be considered in the next section. Confining self-interactions of the background fields
enter the two-point correlation function of gluonic field strengths as [8, 19]
〈
g2F aµν(x)F
b
λρ(0)
〉
=
〈
G2
〉
12
· (δµλδνρ − δµρδνλ) · δ
ab
N2c − 1
·D(x). (9)
For the rest of this section, we set Nc = 3. At large |x|, the dimensionless function D(x)
falls off as e−µ|x|, where 1/µ is the so-called vacuum correlation length [8, 9, 16] (for a review
see [17]). The compatibility of Eqs. (8) and (9) with Eq. (4), at α = 1/2, is achieved by
having M = 2µ and
D(x) = A ·
√
K3/2(2µ|x|)
(2µ|x|)3/2 . (10)
Plugging Eqs. (9) and (10) into Eq. (8), one obtains the desired coefficient N
(s)
1/2 in terms of
the constant A:
N
(s)
1/2 =
A2
576
. (11)
The constant A can be fixed by means of the expression for the string tension in the funda-
mental representation [19]
σf =
〈G2〉
144
∫
d2xD(x), (12)
7which yields
A = 4∫∞
0
dz · z1/4 ·√K3/2(z) ≃ 1.05. (13)
Finally, substituting Eq. (11) into Eq. (7), and using Eqs. (1) and (6), one accomplishes the
calculation of the shear viscosity [15]:
ηT =
pi5/2A2
4608
√
2
·
〈
G2
〉2
T
µ5T
. (14)
A contribution of confining self-interactions of the background fields to the bulk viscosity
can be found in a similar way. It amounts to calculating the coefficient N
(b)
1/2 in Eq. (4).
That can be done by using in Eq. (3) the one-loop Yang–Mills β-function, in which case
β(g)
2g
≃ − 11
32pi2
g2, and U
(b)
T=0(x) ≃
(
11
32pi2
)2
· 〈g4F aµν(0)F aµν(0)F bλρ(x)F bλρ(x)〉 . (15)
Furthermore, by means of the Gaussian-dominance hypothesis, the correlation function
U
(b)
T=0(x) can be written as
U
(b)
T=0(x) ≃
(
11
32pi2
)2
·
[〈
G2
〉2
+ 2
〈
g2F aµν(0)F
b
λρ(x)
〉2]
. (16)
Applying the parametrization of the stochastic vacuum model, Eq. (9), we have
U
(b)
T=0(x) ≃
(
11
32pi2
)2 〈
G2
〉2 [
1 +
1
24
D2(x)
]
. (17)
The renormalized spectral density corresponds to U
(b)
T=0(x) with the “1” in the brackets of
Eq. (17) subtracted. The function D(x) in the form of Eq. (10) yields then the coefficient
which enters Eq. (4):
N
(b)
1/2 =
A2
24
(
11
32pi2
)2
.
Plugging this coefficient into Eq. (7), and using Eqs. (1) and (6), we arrive at the following
formula for the bulk viscosity:
ζT =
A2
1728
√
2pi3
(
11
32
)2
·
〈
G2
〉2
T
µ5T
. (18)
Its numerical evaluation will be performed in section IV.
8III. CONTRIBUTIONS OF NONCONFINING NONPERTURBATIVE
SELF-INTERACTIONS OF THE BACKGROUND FIELDS
The two-point correlation function
〈
g2F aµν(0)F
b
λρ(x)
〉
parametrizes not only confining self-
interactions of stochastic background fields, through the function D(x), but also nonconfin-
ing nonperturbative self-interactions, through the so-called function D1(x) [8, 19]. The full
two-point correlation function reads [cf. Eq. (9)]
〈
g2F aµν(0)F
b
λρ(x)
〉
=
〈G2〉
12
· δ
ab
N2c − 1
· {κ(δµλδνρ − δµρδνλ)D(x)+
+
1− κ
2
[∂µ(xλδνρ − xρδνλ) + ∂ν(xρδµλ − xλδµρ)]D1(x)
}
, (19)
where κ ∈ [0, 1] is some parameter.
To see that the functions D(x) and D1(x) indeed parametrize respectively the confin-
ing and the nonconfining nonperturbative self-interactions, one can substitute parametriza-
tion (19) into the Wilson loop [21] 〈W (C)〉 = 〈trP exp (ig ∮
C
dxµT
aAaµ
)〉
expressed through
the correlation function
〈
g2F aµν(x)F
b
λρ(x
′)
〉
by means of the non-Abelian Stokes’ theorem
and the cumulant expansion [8, 19]. That yields (cf. the second review in Ref. [8])
〈W (C)〉 = exp
{
− C2 〈G
2〉
96(N2c − 1)
[
2κ
∫
Σmin
dσµν(x)
∫
Σmin
dσµν(x
′)D(|x− x′|)+
+ (1− κ)
∮
C
dxµ
∮
C
dx′µ
∫ ∞
(x−x′)2
dξD1(
√
ξ)
]}
, (20)
where C2 is the quadratic Casimir operator of a given representation (i.e. T
aT a = C21ˆ).
From this expression, it is explicitly seen that the function D(x) mediates confining self-
interactions of the background fields, as described by the double surface integral, while the
function D1(x) mediates nonconfining nonperturbative self-interactions, as described by the
double contour integral. These two functions can be viewed as phenomenological propagators
of the background gluons, which describe the two types of self-interactions. In what follows,
we set
D1(x) = D(x),
as suggested by the lattice data [9, 16, 17]. This assumption means that, with the separation
between two points in Euclidean space, the nonconfining nonperturbative self-interactions
fall off at the same vacuum correlation length 1/µ as the confining ones. The two types
9of self-interactions differ, though, in magnitude, that is taken care of by the parameter κ.
In particular, at κ = 1, Eq. (19) reproduces Eq. (9), implying the pure area-law of the
Wilson loop and the full suppression of the nonconfining nonperturbative self-interactions.
Instead, the opposite limit, κ = 0, describes a nonconfining vacuum, in which the Wilson
loop respects the pure perimeter-law. The lattice-simulated value of κ in SU(3) Yang–Mills
theory is [17] κ = 0.83± 0.03. Below, by setting κ to this realistic value,
κ ≃ 0.83, (21)
we relax the approximation κ = 1 adopted in the previous section and in the earlier works [14,
15]. This way, we account for the contributions to the shear and bulk viscosities produced
by nonconfining nonperturbative self-interactions of the background fields, whose strength
thus amounts to 17% of the full strength of nonperturbative self-interactions.
We start with the bulk viscosity, and recalculate the correlation function U
(b)
T=0(x),
Eq. (16), by using for
〈
g2F aµν(0)F
b
λρ(x)
〉
parametrization (19). We denote the correlation
function with κ 6= 1 as Uκ(b)T=0(x). A straightforward calculation yields for it the following
expression [cf. Eq. (17)]:
U
κ(b)
T=0(x) ≃
(
11
32pi2
)2 〈
G2
〉2{
1 +
1
24
[
D2 +
1− κ
2
DD′ +
(1− κ)2
8
(D′)2
]}
, (22)
where D′ ≡ |x| dD
d|x|
. We seek the function D(x) in the form generalizing Eq. (10):
D(x) = Aκ · fκ(µ|x|), where Aκ=1 = A and fκ=1(z) =
√
K3/2(2z)
(2z)3/2
. (23)
Given that U
κ(b)
T=0(x), Eq. (22), contains terms to the order (1−κ)2, the function fκ = fκ(µ|x|)
can be sought as a power series
fκ = fκ=1 + (1− κ)f (1) + (1− κ)2f (2) +O
(
(1− κ)3) .
Furthermore, the Matsubara-mode independence of the spectral density ρ
(b)
T is achieved
when the correlation function (22) (with “1” in the curly brackets subtracted) has the form
of Eq. (4) with α = 1/2. The equation representing this condition,
f 2k +
1− κ
2
fkf
′
k +
(1− κ)2
8
(f ′k)
2 =
K3/2(2µ|x|)
(2µ|x|)3/2 ,
10
yields the following functions f (1)(µ|x|) and f (2)(µ|x|):
f (1) = −1
4
f ′κ=1, f
(2) =
1
16
[
f ′′κ=1 −
(f ′κ=1)
2
2fκ=1
]
,
where again f ′ ≡ |x| df
d|x|
. Explicitly, we find
fκ(z) =
pi1/4
256 · 23/4 ·
e−z
[z(1 + 2z)]3/2
· {128(1 + 2z)2+
+ (1− κ) · 16(1 + 2z)(3 + 6z + 4z2) + (1− κ)2 · [9 + 4z · (9 + z · (7 + 4z(1 + z)))]}, (24)
that reproduces correctly the function
fk=1(z) =
pi1/4
27/4
· e
−z
z3/2
· (1 + 2z)1/2,
given by Eq. (23). Next, much as the coefficient A, the coefficient Aκ can be found by means
of relation (12), and reads
Aκ = 1∫∞
0
dz · z · fκ(z) . (25)
[In particular, using the explicit form of fκ=1(z), Eq. (23), one can see that Eq. (25) at
κ = 1 reproduces Eq. (13).] Plugging into Eq. (25) the obtained function fκ, Eq. (24), at
the lattice-simulated value of κ, Eq. (21), we find
Aκ=0.83 ≃ 0.97. (26)
The corresponding bulk viscosity at this value of κ,
ζκ=0.83T =
(Aκ=0.83)2
1728
√
2pi3
(
11
32
)2
·
〈
G2
〉2
T
µ5T
, (27)
appears by a factor of (Aκ=0.83
A
)2
≃ 0.85 (28)
smaller than the approximate bulk viscosity ζκ=1T given by Eq. (18).
We proceed now to the shear viscosity, and recalculate the correlation function U
(s)
T=0(x),
Eq. (8), using for
〈
g2F aµν(0)F
b
λρ(x)
〉
parametrization (19). Each of the condensates〈
g2F a1µ(0)F
a
2µ(0)
〉
and
〈
g2F b1ν(x)F
b
2ν(x)
〉
on the RHS of Eq. (8) can only be propor-
tional to δ12, and therefore vanish. Upon the use of parametrization (19), the terms〈
g2F a1µ(0)F
b
1ν(x)
〉 〈
g2F a2µ(0)F
b
2ν(x)
〉
and
〈
g2F a1µ(0)F
b
2ν(x)
〉 〈
g2F a2µ(0)F
b
1ν(x)
〉
read
〈
g2F a1µ(0)F
b
1ν(x)
〉 〈
g2F a2µ(0)F
b
2ν(x)
〉
=
11
=
〈G2〉2
72(N2c − 1)
{
D2 +
1− κ
2
DD′ +
(1− κ)2
8
[
2
(
x1x2
|x|
)2
+ x2 − x21 − x22
](
dD
d|x|
)2}
(29)
and
〈
g2F a1µ(0)F
b
2ν(x)
〉 〈
g2F a2µ(0)F
b
1ν(x)
〉
=
〈G2〉2
72(N2c − 1)
· (1− κ)
2
4
·
(
x1x2
|x|
)2(
dD
d|x|
)2
. (30)
The sum of Eqs. (29) and (30) yields
U
(s)
T=0(x) ≃
〈G2〉2
72(N2c − 1)
×
×
{
D2 +
1− κ
2
DD′ +
(1− κ)2
8
[
4
(
x1x2
|x|
)2
+ x2 − x21 − x22
](
dD
d|x|
)2}
. (31)
Furthermore, since the self-interactions of stochastic background fields we are studying are
nonperturbative, it is legitimate to use in Eq. (31) the leading large-|x| approximation. In this
approximation, the sum (x21 + x
2
2) can in general be disregarded compared to x
2. We should
then compare x2 with 4(x1x2/|x|)2, that is the same as to compare x2 with 2|x1x2|. This
comparison obviously leads to the inequality (|x1| − |x2|)2 + x23 + x24 > 0, which means that,
in the leading large-|x| approximation, the term 4(x1x2/|x|)2 can be disregarded compared
to x2. Equation (31) then takes the form
U
(s)
T=0(x) ≃
〈G2〉2
72(N2c − 1)
[
D2 +
1− κ
2
DD′ +
(1− κ)2
8
(D′)2
]
.
Comparing this expression with Eq. (22), we conclude that the function D(x) has the same
form of Eq. (23) as for the bulk viscosity, with the function fκ(x) and the coefficient Aκ
given by Eqs. (24) and (25), respectively. Thus, we obtain the following expression for the
shear viscosity with the nonconfining nonperturbative self-interactions of the background
fields taken into account (at Nc = 3):
ηκ=0.83T =
pi5/2(Aκ=0.83)2
4608
√
2
·
〈
G2
〉2
T
µ5T
. (32)
It is by 15% [cf. Eq. (28)] smaller than Eq. (14), where only confining self-interactions are
taken into account [15]. In the next section, we proceed with the numerical evaluation of
the ratios to the entropy density of the bulk and shear viscosities, respectively Eqs. (18),
(27), and (32).
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IV. NUMERICAL EVALUATION
For the calculation of the bulk viscosity, we use the one-loop running coupling [cf.
Eq. (15)]
g−2T = 2b0 ln
T
Λ
, where b0 =
11Nc
48pi2
,
and, for the (Nc = 3)-case under study, Λ = 0.104Tc, Tc = 270MeV [13]. This coupling
should be plugged into the function
f(T ) ≡

 1 at Tc < T < T∗,g2T ·T
g2
T∗
·T∗
at T > T∗,
(33)
which defines the temperature-dependent inverse vacuum correlation length and the chro-
momagnetic gluon condensate as [12, 14, 15]
µT = µ · f(T ),
〈
G2
〉
T
=
〈
G2
〉 · f 4(T ).
The corresponding zero-temperature values of these quantities are µ = 894MeV [9] and
〈G2〉 = 72
pi
σfµ
2 ≃ 3.55GeV4 [19], where σf = (440MeV)2 is the string tension in the fun-
damental representation. Furthermore, the temperature of the dimensional reduction T∗ in
Eq. (33) can be obtained from the equation σf(T∗) = σf , where σf(T ) = [0.566g
2
T · T ]2 is the
high-temperature parametrization of the spatial string tension [13]. Solving this equation
numerically, one gets [15]
T∗ = 1.28Tc.
Finally, from the lattice data for the pressure of the gluon plasma [13] plat = plat(T ), one
obtains the entropy density s = dplat/dT . Its plot can be found in Ref. [15].
With the temperature dependence of all the quantities fixed in this way, we numerically
calculate the ratios to the entropy density of the bulk viscosities given by Eqs. (18) and (27).
The results of this calculation are plotted in Fig. 1. For comparison, in the same Fig. 1, we
plot the ratio ζpert/s, where the perturbative bulk viscosity
ζpert =
0.443α2sT
3
ln(7.14/gT )
, (34)
with αs ≡ g2T/(4pi), was obtained in Ref. [20] in the leading logarithmic approximation.
For illustrative purposes, we extrapolate this weak-coupling formula down to T = Tc. At
temperatures T & 2Tc, our results scale as
ζT
s
∼ ζκ=0.83T
s
∼ g6T (cf. Introduction), whereas the
13
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Figure 1: Calculated ratios ζT /s and ζ
κ=0.83
T /s as functions of temperature. Also shown for com-
parison are perturbative values ζpert/s, where ζpert is given by Eq. (34) and extrapolated down to
T = Tc.
perturbative result (34) scales as ζpert
s
∼ g4T . One observes a qualitative agreement between
these two scaling laws and the corresponding curves in Fig. 1.
For the calculation of the (ηκ=0.83T /s)-ratio, where η
κ=0.83
T is given by Eq. (32), we use the
two-loop running coupling [13]
g−2T = 2b0 ln
T
Λ
+
b1
b0
ln
(
2 ln
T
Λ
)
, where b1 =
34
3
(
Nc
16pi2
)2
.
The corresponding numerical results as a function of temperature are plotted in Fig. 2.
The (ηT/s)-ratio, with ηT given by Eq. (14), is also shown in Fig. 2 for comparison. The
numerical values of the (ηκ=0.83T /s)-ratio exhibit only a small decrease due to the nonconfining
nonperturbative interactions. At temperatures T & 2Tc, where
ηT
s
∼ ηκ=0.83T
s
∼ g6T , the
calculated contributions of stochastic background fields to the shear-viscosity to the entropy-
density ratio become subdominant compared to the contribution of valence gluons. The
latter should gradually provide an increase of the full shear-viscosity to the entropy-density
ratio towards the perturbative result, which is of the order of O
(
1
g4
T
ln const
gT
)
. The same
applies to the bulk-viscosity to the entropy-density ratio, whose calculated nonperturbative
O(g6T )-part at T & 2Tc should be gradually taken over by the perturbative O
(
g4
T
ln const
gT
)
-
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Figure 2: Calculated ratio ηκ=0.83T /s as a function of temperature. Also shown for comparison are
ηT /s, Eq. (14), and the conjectured lower bound of 1/(4pi) realized in N = 4 SYM.
contribution of valence gluons.
V. CONCLUDING REMARKS
In this paper, we calculated the contributions of stochastic background fields to the shear
and bulk viscosities of the gluon plasma in SU(3) Yang–Mills theory. These contributions
correspond to two types of nonperturbative self-interactions of the background fields, namely
the confining and the nonconfining ones. While the contribution of confining self-interactions
to the shear viscosity had already been obtained in Ref. [15], here we calculated the contri-
butions of both types of self-interactions to the both viscosities. Our method is based on
the Kubo formulae, by means of which the correlation functions of the energy-momentum
tensor, receiving the two above-mentioned types of nonperturbative contributions, can yield
the spectral functions of the shear and bulk viscosities. The condition of the Matsubara-
mode independence of the spectral functions, together with their Lorentzian shape [7, 18],
leads to the unique correlation function of gluonic field strengths, given by Eqs. (23)-(26).
Remarkably, this correlation function is the same for both the bulk and the shear viscosities.
Its amplitude, Eq. (26), defines the two viscosities with the nonconfining nonperturbative
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self-interactions of stochastic background fields taken into account [cf. Eqs. (27) and (32)].
Numerical results for the ratios of the viscosities to the entropy density are plotted in Figs. 1
and 2. They show that the found 15%-decrease of the viscosities due to the nonconfining
nonperturbative self-interactions does not lead to somewhat significant deviations of the two
ratios from their values corresponding to the confining self-interactions alone. The amount
of this decrease is close to 17%, that is the relative contribution of the nonconfining part to
the nonperturbative self-interactions of the background fields.
At sufficiently high temperatures, T ≫ Tc, contributions to the viscosities produced
by valence gluons should dominate over the above-calculated contributions of stochastic
background fields. In particular, the purely perturbative contributions are strictly additive
to those of the background fields [15]. Instead, at smaller temperatures, T ∼ Tc, a mixing
can occur between the nonperturbative contributions of the background fields and those
of the spatially confined valence gluons. In Ref. [12], such a mixing was studied for the
pressure and the interaction measure of the gluon plasma. It was shown there that, for
these thermodynamic quantities, spatial confinement of valence gluons plays a small role
at temperatures Tc < T < T∗ compared to other nonperturbative effects. For this reason,
one can expect that its role is small for the transport coefficients as well. In particular, it
is unlikely that the valence gluons can somewhat significantly change the obtained rapid
decrease of the background-fields’ contribution to the shear-viscosity to the entropy-density
ratio at Tc < T < T∗. The change of this decrease to the O
(
1
g4
T
ln const
gT
)
-increase at T ≫ Tc
implies the existence of a minimum of the full shear-viscosity to the entropy-density ratio at
intermediate temperatures. Once found, the temperature at which this minimum occurs can
be associated with a transition of the gluon plasma from the phase of a strongly interacting
quantum liquid to the phase of a weakly interacting gas of gluons (cf. the minima of the
shear-viscosity to the entropy-density ratio occuring nearby liquid-gas phase transitions for
water, helium, and nitrogen, mentioned in Introduction). In the forthcoming publications,
we plan to quantify these statements by explicitly calculating contributions of valence gluons
to the shear and bulk viscosities.
16
Acknowledgments
This work was started during the author’s stay at the University of Bielefeld under the
support by the German Research Foundation (DFG), contract Sh 92/2-1. At the final stage,
the work was supported by the Centre for Physics of Fundamental Interactions (CFIF)
at Instituto Superior Técnico (IST), Lisbon. The author is grateful to J.E.F.T. Ribeiro,
O. Kaczmarek, F. Karsch, E. Meggiolaro, and A. Shoshi for the useful discussions. He also
thanks F. Karsch for providing the details of the lattice data from Ref. [13].
[1] H. Appelshäuser et al. [NA49 Collaboration], Phys. Rev. Lett. 80, 4136 (1998); A. M. Poskanzer
et al. [NA49 Collaboration], Nucl. Phys. A 661, 341 (1999); K. H. Ackermann et al. [STAR
Collaboration], Phys. Rev. Lett. 86, 402 (2001).
[2] K. Adcox et al. [PHENIX Collaboration], Nucl. Phys. A 757, 184 (2005); I. Arsene et al.
[BRAHMS Collaboration], Nucl. Phys. A 757, 1 (2005); B. B. Back et al. [PHOBOS Collab-
oration], Nucl. Phys. A 757, 28 (2005); J. Adams et al. [STAR Collaboration], Nucl. Phys. A
757, 102 (2005).
[3] P. F. Kolb, U. W. Heinz, P. Huovinen, K. J. Eskola and K. Tuominen, Nucl. Phys. A 696, 197
(2001).
[4] L. D. Landau and E. M. Lifshitz, “Fluid mechanics” (Pergamon Press, 1987).
[5] L. P. Csernai, J. I. Kapusta and L. D. McLerran, Phys. Rev. Lett. 97, 152303 (2006).
[6] G. Policastro, D. T. Son and A. O. Starinets, Phys. Rev. Lett. 87, 081601 (2001).
[7] A. Hosoya, M. a. Sakagami and M. Takao, Annals Phys. 154, 229 (1984); F. Karsch and
H. W. Wyld, Phys. Rev. D 35, 2518 (1987).
[8] For reviews see: A. Di Giacomo, H. G. Dosch, V. I. Shevchenko and Yu. A. Simonov, Phys.
Rept. 372, 319 (2002); D. Antonov, Surv. High Energ. Phys. 14, 265 (2000).
[9] A. Di Giacomo, E. Meggiolaro and H. Panagopoulos, Nucl. Phys. B 483, 371 (1997); M. D’Elia,
A. Di Giacomo and E. Meggiolaro, Phys. Rev. D 67, 114504 (2003).
[10] H.G. Dosch, H.-J. Pirner and Yu.A. Simonov, Phys. Lett. B 349, 335 (1995); Yu. A. Simonov,
Phys. Atom. Nucl. 58, 309 (1995).
[11] E. V. Komarov and Yu. A. Simonov, Annals Phys. 323, 783 (2008), ibid. 323, 1230 (2008).
17
[12] D. Antonov, H.-J. Pirner and M. G. Schmidt, Nucl. Phys. A 832, 314 (2010).
[13] G. Boyd, J. Engels, F. Karsch, E. Lärmann, C. Legeland, M. Lütgemeier and B. Petersson,
Nucl. Phys. B 469, 419 (1996).
[14] D. Antonov and H.-J. Pirner, Eur. Phys. J. C 55, 439 (2008).
[15] D. Antonov, “Shear viscosity of the gluon plasma in the stochastic-vacuum approach,”
arXiv:0905.3329 [hep-ph].
[16] G. S. Bali, N. Brambilla and A. Vairo, Phys. Lett. B 421, 265 (1998).
[17] E. Meggiolaro, Phys. Lett. B 451, 414 (1999).
[18] D. Kharzeev and K. Tuchin, JHEP 09, 093 (2008); F. Karsch, D. Kharzeev and K. Tuchin,
Phys. Lett. B 663, 217 (2008).
[19] H. G. Dosch and Yu. A. Simonov, Phys. Lett. B 205, 339 (1988); D. Antonov, D. Ebert and
Yu. A. Simonov, Mod. Phys. Lett. A 11, 1905 (1996).
[20] P. Arnold, C. Dogan and G. D. Moore, Phys. Rev. D 74, 085021 (2006).
[21] To simplify notations, we assume that “tr” is normalized by the condition tr 1ˆ = 1, where 1ˆ is
the unity matrix in the same representation of the SU(Nc)-group as the generator T
a.
